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Tha  arthoda  davalopad  In  anothar  pi^r  (Raf.  1)  ara  appllad  to  the 
oaleulatioo  of  tba  alnlaua  variaaea  of  unblaead  estiaatae  of  dopplar  shift, 
vhan  tba  raceirad  vmvafoni  is  obsenred  against  a  background  of  additive 
white  Oaussian  nolaa. 
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Itot  purpoM  of  this  note  Is  to  illuetrnte  the  nppllenti(»i  of  the 
■ethods  dereloped  in  Xefi* .  1  and  2  to  the  csdeiilation  of  the  elnliai 
varianee  of  unbiased  estlaates  of  doppler  shift  in  a  received  vmve  fore. 

It  vould  be  possible  to  evaluate  the  function  0  of  Rtf.  1,  and  hence  to 
evaluate  the  greatest  lover  bouzkd  for  the  variance  of  estiaates  of  doppler 
shift,  for  the  general  case  where  the  received  asqplitude  and  tias  delay, 
as  veil  as  the  doppler  shift,  are  unkncsm.  This  vould  not  result  in  a 
si^;>le  expression  for  the  ansver,  however;  therefore,  it  will  be  assuaed 
here  that  the  received  energy  and  the  tiae  delay  are  known.  To  be  precise, 
ve  ass\an  the  observed  wave -fora  to  be 


v(t) 


t) 


n(  t) 


(1) 


for  0  ■  t  <  00  Here  c(^  is  assuaed  to  be  known;  tias  delay  has  been 

set  e<iual  to  zero  (no  loss  of  gezMrality  for  cases  vbere  tiae  delay  is 

assuaed  knovn^  and  n(t)  is  white  Oaussian  noise  vith  spectral  density  11^. 

The  paraaeter  T  is  a  aeasure  of  the  'doppler  shift' .  For  exssq^le, 

if  ve  are  dealing  vith  a  reflected  radar  signal  froo  a  target  aovlng  vith 

radial  velocity  v  ,  and  if  ve  assuae  —  to  be  ^  ^  (c  •  velocity  of 

c 

light )  then  approxiaately  IT  ~  ~  . 

c 

.  ■(  .  It  viU  hsunsfOTth  be  assuaed  that  the  a  priori  range  of  variation 

of  is  a  real  interval  [a,  b]  ,  and  that  |s|«l,  lbl«l. 

The  factor  e  ^  aultiplylng  F  makes  the  total  received  energy 

independent  of  the  value  of  T  .  'nils  vould  not  actually  be  the  case, 

since  the  received  energy  actually  vould  be  greater  for  approaching 

c/ 

targets  euid  less  for  receding  target#.  However,  the  factor  e  ^  nakes  for 
a  great  slixplifi  cation  in  the  Mthematics,  so  it  viU  be  assvaKd  that  the 
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r«o«lT«d  9omrey  i«  in  fact  indepandant  of  !?  .  In  caaaa  of  practical 
intaraat,  thia  aaaxcqptioa  probably  haa  littla  affect  oq  the  calculated 
ralua  of  tba  variaxice  of  unbiaaed  eatiaatea  of  ?  . 

Tba  aralitfitlon  of  can  be  carried  out  in  a  Banner 

Yirtually  idantioal  vitb  that  of  Ref.  1,  the  raault  being  aa  follcva: 


Let 


2^ 

R  -  ^ 

o 


oo 


F  (t)  dt 


(2) 


0(1?) 


Vj  f  t 

e  I F(t)  F(a^t)  dt 


/' 


00 


r(t)  dt 


(3) 


H(’J)  .  exp  [r  flKT)] 


(M 


(where  exp  atande  for  the  exponential  function);  then 


0(5, 'S'  1  5  ) 


e^  K(5-^') 

H(?-  5^)  H(5'-  r ) 
o  o 


(5) 


It  ia  aaan  that  thia  ia  of  preciaely  the  aaoe  form  aa  Iq.  20  of 
Raf .  1,  vlth  at  e  oc'  '  /  except  that  the  definition  of  H  ia  given 

by  Iqa*  (2),  (3),  and  (4)  of  the  preaent  note.  Therefore,  all  the 
darelopBanta  of  Ref.  1  can  be  follovad  exactly,  finaLLly  reaulting  in. 
Ut 


L(5)  - 


H(5)  -  1 


(6) 
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•3f(u) 


«• 

■  /•• 


L(5)  dJ 


(7) 


than  (T^,.  (  ?  )  •  th«  graatast  lover  bouM  for  the  variance  of  unbiaaad 
glo  o 

aatijaataa  of  whan  the  true  value  la  ,  la  given  approxiaataly  by 

Eq.  of  Ref.  1  vith  ^  aubatituted  for  T  .  and  of  courae  vlth  the  nav 

0  o 

dafinitiooa  of  ^(u),  L(S),  R,  ate. 

In  particular  for  aufficiantly  large  R, 


gib 


'"o'  =  Tv  '  — ^ 


Xiii) 


(8) 


-00 


We  viU  nov  turn  to  the  avaluation  of  in  a  large  claaa  of 

ccuMa.  Naaely;  ve  aaauM  T  of  the  form 


F(t)  ■  F,  (t)  coa  uj  t 
1  o 


F,(t)  Bin  u>  t 

c  0 


(9) 


It  can  then  be  eatabliahed  vith  aone  elea^ntary  trigoncnetric 
idantitiea  that 

Vj 


oo 


(^(S) 


/ 


it)  dt 


(10) 


r  (t)  dt 


where 
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m  J  -l)t]  ♦ 

4  j  T^it)  T^{%^t)  |coe[u;^(#^  -l)t]  - 
♦  ^  Fj^(t)  |8ln[w  (t'^  -l)t]  > 

-  I  F^Ct)  |•in[tJ(•^  -l)t]  - 


(11) 


Thun,  (f(T)  cun  be  readily  evaluated  for  cases  In  vhlch  the  Fourier 

eoalne  traaaforas  of  Pj^(t)  (eH)  aiKl  F^Ct)  (e^t),  and  the 

Fourier  sine  tranaforae  of  Fj^(t)  F^Ce^^t)  and  T^it)  F^(e^t)  are  known. 

Also,  In  aost  eases,  If  u)  it  sufficiently  Large,  the  terns 

o 

Inrolrlng  u)^(s^  ♦!)!  can  all  be  neglected. 

As  an  Illustration,  suppose 


F^(t)  -  exp  [- 


(0  ^  t  <  00  ) 


(12) 


F^d)  .  0 


Then,  since  d|  Is  always  assuined  <.  v.  1  ,  and  assuming  uj  , 


I-  o 


0(5)  ~  srp 


(13) 
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It  !•  also  not  difficult  to  obtain  the  result  for 
r^(t)  .  «xp  t^J  ,  TjCt)  =  kt  .xp  f  -  ■!  jr^  t^J  , 

for  szjonpls. 
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